GEODESIC FLOW ON THE DIFFEOMORPHISM GROUP 

OF THE CIRCLE 



ADRIAN CONSTANTIN AND BORIS KOLEV 

Abstract. We show that certain right-invariant metrics endow the 
infinite-dimensional Lie group of all smooth orientation-preserving dif- 
feomorphisms of the circle with a Riemannian structure. The study of 
the Riemannian exponential map allows us to prove infinite-dimensional 
counterparts of results from classical Riemannian geometry: the Rie- 
mannian exponential map is a smooth local diffeomorphism and the 
length-minimizing property of the geodesies holds. 



1. Introduction 

The group T> of all smooth orientation-preserving diffeomorphisms of the 
circle § is the "simplest possible" example of an infinite-dimensional Lie 
group 1 . Its Lie algebra Tj^D is the space C°°(S) of the real smooth 
periodic maps of period one. Since C°°(S) is not provided with a natural 
inner product, to endow T> with a Riemannian structure we have to define 
an inner product on each tangent space T V T>, rj G T>. For a Lie group the 
Riemannian exponential map of any two-sided invariant metric coincides 
with the Lie group exponential map X... It turns out that the Lie group 
exponential map on T> is not locally surjective cf. [I] so that a meaningful 1 
Riemannian structure cannot be provided by a bi-invariant metric on T>. We 
are led to define an inner product on C°°(S) and produce a right-invariant 
metric 2 by transporting this inner product to all tangent spaces T V T>, r\ € T>, 
by means of right translations. 

In this paper we show that certain right-invariant metrics induce notewor- 
thy 3 Riemannian structures on T>. Despite the analytical difficulties that are 
inherent 4 , the existence of geodesies is obtained and their length-minimizing 
property is established. The paper is organized as follows. In Section 2 we 
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1 A prerequisite of a rigorous study aimed at proving infinite-dimensional counterparts 
of facts established in classical (finite-dimensional) Riemannian geometry is the use of the 
Riemannian exponential map as a local chart on V. 

2 To carry out the passage from right-invariant metrics to left-invariant ones, note 
that a right-invariant metric on T> is transformed by the inverse group operation to a 
left-invariant metric on T> with the reverse law (ip * ip = tp o tp). 

3 Interestingly, for a particular metric in this class, the corresponding geodesic equation 
is encountered in hydrodynamics as a model for the unidirectional propagation of shallow 
water waves - for an elaboration of this viewpoint and its implications we refer to Q], 

4 T> is a Frechet manifold so that the inverse function theorem and the classical local 
existence theorem for differential equations with smooth right-hand side are not granted 
cf. py. Moreover, we deal with weak Riemannian metrics (the family of open sets of 
T> contains but does not coincide with the family of open sets of the topology induced 
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discuss the manifold and Lie group structure of V, Section 3 is devoted to 
basic properties of the Riemannian structures that we construct on T> (exis- 
tence and local chart property of the Riemannian exponential map), while in 
Section 4 we prove the length-minimizing property of geodesies. In the last 
section we present 5 a choice of a right-invariant matric endowing T> with a 
deficient Riemannian structure (the corresponding Riemannian exponential 
map is not a local C 1 -diffeomorphism), to emphasize the special features of 
the previously discussed Riemannian structures. Note that for diffeomor- 
phism groups the existence of geodesies is an open question 6 so that it is 
of interest to have an example (M = §) where an attractive geometrical 
structure is available. 

2. The diffeomorphism group 

In this section we discuss the manifold and Lie group structure of T>. If 
£(x) is a tangent vector to the unit circle § at x £ 8 C C, then 3? [x £(x)] = 
and 

u(x) = x £(x) G E. 

2m 

This allows us to identify the space of smooth vector fields on the circle 
with C°°(S), the space of real smooth maps of the circle. The latter may be 
thought of as the space of real smooth periodic maps of period one and will be 
used as a model for the construction of local charts on T>. Note that C°°(§) 
is a Frechet space, its topology being defined by the countable collection of 
C n (S)-seminorms: a sequence Uj — * u if and only if for all n > we have 
Uj -> u in C n (S) as j oo. V is an open subset of C°°(S;§) C C°°(S;C), 
as one can easily see considering the function defined on C°°(S;S) by 

e( v ) = mf L^^Ml , 

x^y \x — y\ 

We will describe a Frechet manifold structure on T>. If t \— > ip(t) is a C 1 -path 
in T> with (f(0) = Id, we have ip'(0)(x) € T X E>. Therefore (f'(0) is a vector 
field on § and we can identify Tj^T) with C°°(S). If <p £ T> is such that 
— i"rf||c°(S) < 1/2) w e can define 

ufar) = — In fx <p(x)) G C°°(S;R). 
2m \ ) 

Note that u(x) is a measure of the angle between x and </?(x). Choose a lift 
F : R -> E of 93 such that 

u o II(x) = F(x) - x, ieR, 

where II : M — > S is the cover map. In the neighborhood 

Uq = \j>£V] \\tp- V7 |lco(S) < I/ 2 } 



by the metric) so that even the existence of a covariant derivative associated with the 
right-invariant metric is in doubt cf. 0. 

5 For a detailed analysis see |2]- 

6 For any smooth compact manifold M, both the group of smooth diffeomorphisms of 
M, Diff(Af), and its subgroup formed by the volume-preserving diffeomorphisms, have a 
Lie group structure 0. Progress towards the existence of geodesies was made but the 
understanding is still incomplete pPj. 
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of (fo G T> we are led to define 



and 

uoU(x) = F(x) - F (x), i£l 

For tp G Uq, let Vl/oCv) = u. We obtain the local charts {Uq^o}, with the 
change of charts given by 7 

<&2 o ^^(ui) = ui + — \n(7p5 tp{). 

2m 

The previous transformation being just a translation on the vector space 
C°°(S), the structure described above endows T> with a smooth manifold 
structure based on the Frechet space C°°(S). 

A direct computation shows that the composition and the inverse are both 
smooth maps from T> x T> — > D, respectively I? — > P, so that the group T> is 
a Lie group. Note that the derivatives at the Identity of the left-translation 

L V :V^V, L v (tp) =7/099, rjEV, 
and right-translation 

R V :V^T>, Rr,((p) = <por], 77 G V, 



are given by 



respectively 



L r : T Id V -> X^D, it i-> % • u, 77 G X>, 



^* : TjdV — > T V V, iiHiioi), r/ G P. 
The Lie bracket on the Lie algebra Tj&D = C°° (S) of P is 

(2.1) [u,7j] = -(Ua-W-UUa.), U^GC 00 ^). 

Each v G Tf^P gives rise to a one-parameter group of diffeomorphisms 
{r](t, •)} obtained solving 

(2.2) »7t = «fa) m C°°(S) 

with data 77(0) = Id G T>. Conversely, each one-parameter subgroup t 1— * 

rj(t) G T> is determined by its infinitesimal generator u = 77(7;) G Ti^D. 

Evaluating the flow t 1— » 7/(i, •) of (|2.2|) at i = 1 we obtain an element exp L (v) 
of T>. The Lie-group exponential map v — > exp L (v) is a smooth map of the 
Lie algebra to the Lie group. Although the derivative of exp L at G C°°(§) 
is the identity, exp^ is not locally surjective cf. [7j. This failure, in contrast 
with the finite-dimensional case, is due to the fact that the inverse function 
theorem does not necessarily hold in Frechet spaces cf. (!]. 



7 With ui = ^i{<p) an d u 2 = ^2(p) for ip £ Ui n U2, we have 

(2ni)u 2 = ln(Tp2p) = ]n(jp~2<piipitp) = ln(7p~2tpi) + ln(pTp) = ln(jp~2<pi) + (2m)ui. 
Hence ^(v 3 ) = ^i(f) + 2^7 l n (^2 </?i) and the change of charts is plain. 
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Let J-(T>) be the ring of smooth real-valued functions defined on T> and 
X{V) be the ^-"(I?)-module of smooth vector fields on T>. For X G X(D) 
and / E ^ r (^), the Lie derivative Cxf is defined in a local chart as 

£xf{<P) = hm , if G V. 

ft— >0 II 

If U C V is open and X, Y : C7 -> C°°(S) are smooth, let 

h-*0 h 

This leads to a covariant definition of the Lie bracket of X, Y G X(D), 

C X Y =[X 1 Y] = D X Y -D Y X. 

Note that if is the space of all right-invariant smooth vector fields 

on T>, then the bracket [X, Y] of X, Y G is a right-invariant vector 

field and [X, Y]/<2 = [u, t>], where u = Xj^, v = Yjd cf. [Jj. This feature 
explains the minus sign entering formula (|2.1j) - the commutation operation 
is defined by this construction carried out with right-invariant vector fields. 



3. RlEMANNIAN STRUCTURES ON V 

We define an inner product on the Lie algebra Ti&D = C°°(S) of T>, and 
extend it to V by right-translation. The resulting right-invariant metric on 
D will be a weak Riemannian metric. In this section we discuss the existence 
of the geodesic flow associated with this metric. 

Consider on T Id V = C°°(S) the H k (S) inner product 9 

(u,v) k = V f(ff x u)(8iv)dx, u,veC°°(§), 

and extend this inner product to each tangent space T^D, rj G T>, by right- 
translation, i.e. 

(3.1) (V, W) k := (iVi*V, R v -i*w) k , V, W G T„D. 

We have thus endowed T> with a smooth right-invariant metric. Note that 
the right-invariant metric (|3.1|) defines a weak topology on T> so that the 
existence of a covariant derivative which preserves the inner product (|3.1j) 



A 6 X R (V) is determined by its value u at 7d, A,, = Rr,*u for 77 6 D. 
9 fc > 0, is the space of all L 2 (S)-functions (square integrable functions) / with 

distributional derivatives up to order k, d l x f with i — 0, . . . , k, in L 2 (S). Endowed with 
the norm 

ll/ll* = E [(diff(x)dx, 
i=o Js 

becomes a Hilbert space. Note that if {f(j)}je% is the Fourier series of / G H k {§), 

then 

11/11' = E i 1 + ( 2 ^') 2 + ■ ' ■ + (2^') 2fc ) |/(j)f • 
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is not ensured on general grounds cf. 6 . We will give a constructive proof 
of the existence of such a covariant derivative. Let us first note that 



{u, v) k 



A k (u)vdx, u,veH k (§), k>0, 



where for every n > 0, A k : H n+2k (§) -> H n (S) is the linear continuous 
isomorphism 

j2 fik 
(3.2) Ak = 1 - +. .. + (-!)* 



dx 2 dx 2k 
This enables us to define the bilinear operator B k : C°°(S) x C°°(8) — > 
C°°(S), 

(3.3) S fc («,«) = -^ 1 (2« s A fc (ti)+t;il fc (« a .)) J M,^r(§), 

with the property that 

(B k (u,v), w) k = (u, [v,w]) k , u,v,w G C°°(S). 

We can extend to a bilinear map 2?^ on the space X R (T>) of smooth 
right-invariant vector fields on T> by 

B k (X,Y) v = R m B k (X Id ,Y Id ), ve v, X,Ye X R {V). 

For X G X(T>), let us denote by the smooth right-invariant vector field 
on T> whose value at r/ is X„. 

Theorem 1. Let k > 0. There exists a unique Riemannian connection V fc 
on T> associated to the right-invariant metric (|3.1|) . wit/i 



(y x Y)ri = [X, Y - Y n } v + - [[X v , Y v ] v - B k (X v ,Y V ) rj - B k (Y v , X v )ri 
for smooth vector fields X, Y on T>. 

Proof. The uniqueness of V fc is obtained like in classical Riemannian geom- 
etry (see e.g. A) and all the required properties can be checked from its 
explicit representation, using the defining identity for B k . □ 

The existence of V fc enables us to define parallel translation along a curve 
on T> and to derive the geodesic equation of the metric defined by (|3.1|) . 
Throughout the discussion, let J C M be an open interval with G J. For a 
C 1 -curve a : J — > T>, let Lift(a) be the set of lifts of a to TT>. The derivation 
D at : Lift (a) — > Lift (a) along a is given in local coordinates by 

(3.4) f at 7 = 7t - Qfc(«t o a -1 , 7 o a -1 ) o a, 7 G Lift (a), 
where Q k : C°°(§) x C°°(S) C°°(S) is the bilinear operator 

Q k (u, v) = - (u x v + uv x + B k (u, v) + B k (v, u)) , u, v G C°°(S). 



2 

For a C 1 -curve a : J — > T> we have 

(3.5) — (71,72)* = (A* t 7i>72)fc + (71 > ^at 72) it, * G J 5 

for all 71,72 G Lift (a). 
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If a : J — > T> is a C 2 -curve, a lift 7 : J — > T£> is called a-parallel if 
Do! t 7 = on J. This is equivalent to requiring that 

(3.6) Vt = \ ( VUx ~ VxU + jBfc ^ n ' ^ + Bk ^ V} U ' 

where u, v G C 1 ( J; C°°(S)) are defined as ott°a~ l = u, respectively 70a -1 = 
v. A C 2 -curve ip : J — ► T> satisfying D^pt = on J is called a geodesic. 
If u = (ft v? -1 G = C°°(S), then u satisfies the equation 

(3.7) u t = B k (u,u), t e J. 

Equation (|3.7j) is the geodesic equation transported by right-translation to 
the Lie algebra TidD. In a local chart the geodesic equation is 

Ptt = Pk(<P,<Pt), 

where P k is an operator that will be specified in the proof of Theorem |2I 
Assuming for the moment the local existence of geodesies on T> for the metric 
(|3.1|) . proved below, let us derive a conservation law for the geodesic flow 10 . 
Observe that any v G C°°(S) = TjdV defines a one-parameter group of 
diffeomorphisms h s : T> — > T>, h s {p) = p o exp L (sv), where exp^ is the Lie- 
group exponential map. The metric being by construction invariant under 
the action of h s , Noether's theorem ensures that if g : TT> — > R stands for 
the right-invariant metric, then 

~dh s {p) 



ds 



is preserved along the geodesic curve t 1— » p(t) with p(0) = Id and (pt(0) 
uq G TjdV. We compute 



dh s (ip) 



<P. 



s=0 OV 



— ((p, v) [w] =2(vo p~ x ,wo cp^k, 



ds 

obtaining that 

(tpt oip~ x ,ip x op" 1 'uo^ = (uo,v)k, v G C°°(S). 

Therefore 

/ Ak(u) ■ <p x p~ l ■ v o <p~ l dx = \ Ak(uo)-vdx, v G C°°(S), 
Js Js 

where, as before, u = <pt p^ 1 ■ A change of variables yields 

Ak(u) o <p ■ p^ ■ v dx = / Ak(uo) ■ v dx, v G C°°(S) 



so that, denoting 

(3.8) m k = A k (u) o p ■ p 2 x , 
we obtain 

(3.9) m k (t) = m k (0), te[0,T), 



10 For finite-dimensional Lie groups the geodesic flow of a one-sided invariant metric 
the angular momentum is preserved (J. This is a consequence of the invariance of the 
metric by the action of the group on itself, in view of Noether's theorem. The same 
reasoning can be carried over to the present infinite-dimensional case. 
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where <p G C 2 ([0,T);V) is the geodesic for the metric p.ip . starting at 
93(0) = Id G V in the direction no = yt(0) G Tj^V; as before, u = <pt° y ■ 
To prove the existence of geodesies, we proceed as follows. The classical 
local existence theorem for differential equations with smooth right-hand 
side, valid for Hilbert spaces (see [0]), does not hold in C°°(S) cf. [I]. 
However, note that C°°(§) = n n >2k+iH n (S). We use the classical approach 
to prove that for every n > 2k + 1, the geodesic equation has, on some 
maximal interval [0, T n ) with T n > 0, a unique solution in H n (S), depending 
smoothly on time. A priori T n < T2k+i- It turns out that T n = T<ih+\ for all 
n > 2/c + 1, fact that will ensure the existence of geodesies on T> endowed 
with the right-invariant metric (j3.1|) for every k > 1. The peculiarities of 
the special case = (where this approach is not applicable) are discussed 
in the last section. 



Theorem 2. Let k > 1. For every uq G C°°(§), i/iere exists a unique 
geodesic <p G C°°([0, T); £>) /or £/te metric (|3.1[) . starting at (p(0) = Id G T> 
in the direction uo = (pt(0) G Ti<{D. Moreover, the solution depends smoothly 
on the initial data uq G C°°(S). 

Proof. Note that 

tiA fc (u») = A fc (mi x ) + Cg(u), u G H n (S), n > 2k + 1, 

where C° : H n (E>) — > H n ~ 2k (S) is a C°°-operator depending quadratically 
ona.Ux,..., Sg fc u. Denoting by C fe : F n (S) -> H n ~ 2k (S) the C°°-operator 

C fc («) = -Cg(u) - 2u^(u), 

we obtain that 

Bjfc(tt, «) = A k l C k (u) - uu x , u G F n (§), n > 2fc + 1. 

The geodesic equation (|3.7|) becomes 

+ una; = A^ x Ck{u), 

where u = ipt o ip^ 1 G C°°(S). Letting v = u o 99 = y> t) we can write the 
geodesic equation in a local chart C7 in C°°(§) as 

¥>t = ^, 
v t = Pk(tp,v), 



(3.10) 
where 



P k (<p,v) = \Aj; 1 C k (yo<p- 1 ) 



The operator 

(ip,v) I ^ ((^, Pfc(99,f)) 

can be decomposed into o ^ with 

v) = Up, R^oCkO R v -i (vj) , 

and 

Qk(<P, v) = (ip, R v o A' 1 o R 1 (u 



Specifying the explicit form of Ek(<p, v), we see that this operator extends to 
the space U n x H n (§), where U n is the open subset of H n (S) of all functions 



s 
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having a strictly positive derivative 11 . The same argument can be pursued 
in the case of the operator G k :U n x H n (S) -> U n x H n - 2k (8), 



the inverse of Qt (as a map). Direct calculations confirm that Ek and Gk 
are both smooth maps from U n x H n (§) to U n x H n - 2k (§). The regularity 
of Gk ensures that its Frechet differential can be computed by calculating 
directional derivatives. One finds that 

Id 



DG k (ip,v) = 
with 

&2k 

and do, • • • , 02fe— i, all of the form 



(-i)' 



Pk(cp,<p x , . . .,d 2k ip) 



<pi k 

for a polynomial p k with constant coefficients, while * is a linear differential 
operator of order 2k with coefficients rational functions of the form 

q(ip,v,<p x ,v x , . . . ,d 2k ip,d 2k v) 

for some constant coefficient polynomial q. Observe 12 that for every / £ 
H n ~ 2k (S) there is a unique solution u G H n (8) of the ordinary linear differ- 
ential equation with i? n-2fc (S)-coefficients 

2k 
i=0 

Taking into account the form of DGk, we infer that 

DG k {ip,v) G Isom(V n x H n (§), U n x H n ~ 2k {S) 



Since the differential of the smooth map G k :U n x H n (8) ^U n x H n ~ 2k {§) 
is invertible at every point, from the inverse function theorem on Hilbert 
spaces [0] we deduce that its inverse Q k : U n X H n ~ 2k (§i) — > U n x H n (E>) 
is also smooth. The regularity properties that we just proved for the maps 
Qk, Ek, show that P k is a smooth map from U n x H n (E>) to H n (E>). 

Regard (|3.10f) as an ordinary differential equation on U n x H n (§), with a 
smooth right-hand side, viewed as a map from U n x H n (§i) to U n x H n (E>). 
The Lipschitz theorem for differential equations in Banach spaces [H] ensures 
that for every ball B(0,e n ) C H n (S) there exists T n = T n {e n ) > such 
that for every no £ B(0,e n ), the equation HM.1()|) with data (p(0) = Id and 
v(0) = uo has a unique solution (ip, v) G C°°([0, T n ); U n x H n (E:)). Moreover, 
this solution (ip, v) depends smoothly on the initial data uq and can be 



11 Note that n > 2k + 1 > 3 so that _f/"(S)-functions are of class C 2 . Explicit cal- 
culations show that if 77 £ U„, then r\ is a // n (§)-homeomorphism of the circle with 

j?- 1 e H n (§). 

12 This can be proved using the Fourier representation of functions in i/ J (S), j > 0. 
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extended to some maximal existence time T* > 0. If T* < oo, we have 
either that limsup^, ||^(0lln = oo or there is a sequence tj j T* such that 
if(tj) accumulates at the boundary of U n as j — > oo. 

Choose some ball 5(0, £2fc+i) C 5 2fc+1 (§). We prove now that for any 
uq £ 5(0, £2fc+i) H C°°(§) there exists a unique geodesic (p G C°°([0, T 2k+ i); T>) 
for the metric (|3.1[) . starting at </?(0) = /(i in the direction uq. Since 
uo € H n (S) for every n > 2/c + 1, it suffices to prove that the solution (ip, v) 
of equation (|3.10j) on each U n x H n (§), with data (p(0) = Id and v(0) = uo, 
has the maximal existence time T n = T 2k+ i. Assuming that T 2 k+2 < T 2k+ i, 
note that (<p(T 2k+2 ), v{T 2k+2 )) is defined in U 2k+1 x H 2k+1 (S) and (p(T 2k+2 ) 
is a C 1 -diffeomorphism of the circle. Recall the notation u = v o ip^ 1 . 

To prove that c/?(i) converges in U 2k+2 (S) ast] T 2k+2 , let us use (ft = uotp 
to compute d 2k tpt, t £ (0,T2fc+i). We obtain 



o2/r o2/r 



-1) 



m k (t) + £ k (v,<p) , tG(0,r 2 fc+i), 



where £ k (v,ip) is a smooth expression containing only ^-derivatives of y> of 
order i <2k — 1 and x-derivatives of u of order j < 2k — 1. Hence 

-<9 2 V N 



(-1)* 



^x 



3 • m k (t) + £ k (v,tp) 
3 -m k (0) + £ k (v,<p) 



t€(0,T 2k+1 ) 



in view of (j3.9|) . For i G (0, T 2k +i) we obtain that 



(3.11) d 2 Mt) = (-l) k <p x (t) 

Since m fc (0) G C°°(S) and 



t r- 



m k (0) +£ k (v,(p) 



o 



r2fc+l 



ds. 



(S)) 



GC°°([0,r2 fc+1 );?72 fe+ i x5^ 

n r([o,r 2l+2 )iP a+2 xfl a+2 (§)), 

differentiating (|3.11|) twice with respect to x, we infer that (<p(t) , <pt(t)) 
converges in U 2k+2 (E>) x 5 2fc+2 (§) as t | 72^+2- The limit can only be 
((p(T 2k+2 ), v(T 2k+2 )). Therefore T 2 fc+2 = T 2k +i- This procedure can be re- 
peated for n = 2k + 3 etc. and the existence of the smooth geodesies on T> 
is now plain. □ 

The previous results enable us to define the Riemannian exponential map 
eyp for the H k right-invariant metric (k > 1). If tp(t;uo) is the geodesic 
on T>, starting at Id in the direction no £ C°°(S), note the homogeneity 
property 

(3.12) (p(t;su ) = ip(ts;u ) 

valid for all t, s > such that both sides are well-defined. In the proof of 
Theorem |21 we saw that there exists 5 > so that all geodesies ip(t;uo) are 



13 Relation 13.91 was derived assuming the existence of geodesies on T>. In the present 
context, it can be proved as follows. Define by 113.811 and note that it is a polynomial 
expression in v, (p,v x , ip x , . . . , d x k v, d x k ip, divided by some power of tp x . Therefore nik € 
C°°([0, T'2k+i)', -ff 1 (§)) and, using I3.10L it can be checked by differentiation with respect 
to t that m k (t) = rofc(0) for all t £ [0,T 2 fc + i). 
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defined on the same time interval [0, T] with T > 0, for all uq G T> with 
||uo|| 2 fc + i < 5. Hence, we can define eyp(iio) = </?(!; uq) on the open set 



ju GP; |K|| 2 fc+i < y] 



of £>, and the map no *— > eyp(tio) is smooth. 

Theorem 3. T/ie Riemannian exponential map for the H k right-invariant 
metric on T> , k > 1, is a smooth local diffeomorphism from a neighborhood 
of zero on Tj^T) to a neighborhood of Id on T>. 

Let us first establish 

Lemma 1. Let n > 2k + 1 and let (<p,v) be a solution of (|3.1U|) with data 
(Id,uo) G U n X H n (§), defined on [0, T). If there exists t G [0, T) smc/i i/iat 
V?(t) G U n+1 then u G H n+1 (§). 

Proof. From (j3.11|) we get 

d 2 Mt) 



-l) k m k (0)- [ cpf- 3 ds + (-l) k [ £ k (v,ip)ds, te[0,T). 

If for some t G [0,T) we have ip(t) G £f n+1 (§), the fact that ip x is strictly 
positive forces m fc (0) G H n+1 ~ 2k (S) and therefore u G H n+1 (S). □ 

Proof of Theorem^ Viewing eyp as a smooth map from a small neighbor- 
hood of G H n (E) to C/n, n > 2k + 1, its differential at £H n (S), 
-Deyp , is the identity map. Indeed, for i? G H n (§) we have by (|3.12|) that 
eyp(iu) = ip(t;v) so that 



= v. 

t=0 



=0 

As a consequence of the inverse function theorem on Hilbert spaces, we can 
find open neighborhoods V2k+i and 02fc+i of G H 2k+l (S>) and Id G f72fe+i) 
respectively, such that eyp : V2fe+i — > 02fc+i is a C°° diffeomorphism with 
L>eyp uo : H 2k+1 (§) -> H 2k+1 (S) bijective for every u G ^ fc+1 . We already 
know from the proof of Theorem that 



e?p(v 2fc+1 n c°°(S)J c o 2fe+1 n c°°(S), 

while Lemma^ensures that eyp is a local bijection between these open sets. 
It remains to show that eyp is a smooth diffeomorphism from V-^+i H C°°(S) 

to o 2A;+1 n c°°(S). 

Let uo ^ ^2fc+i H C°°(S). We know that Dejcp UQ is a bounded linear 
operator from H n (S) to H n (S) for every n > 2/c + 1 and we will prove that 
it is actually a bijection. Then, in view of the inverse function theorem on 
Hilbert spaces, both eyp and its inverse are smooth maps on small H n (S>)- 
neighborhoods of uq G ^2fc+inC°°(§), respectively eyp(uo) G 02fe+inC oo (§). 
Letting n | oo, this would show that eyp is locally a smooth diffeomorphism. 

To prove this last step, we use an inductive argument. To start with, 
Deyp uo is a bijection from H 2k+1 (E>) to H 2k+1 (E>) as u G V 2 k+i- For a fixed 
n > 2k + 1, assume that the map Deyp Uo is a bijection from H J (S) to -£P(§) 
for all j = 2k + 1, . . . , n, and let us show that De$p Uo is a bijection from 
H n+1 (S) to H n+1 (S). First of all, Dejcp UQ is injective as a bounded linear 
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map from H n+1 (§) to H n+1 (&) since its extension to H n (S) is injective. To 
prove its surjectivity as a map from ff n+1 (§) to H n+1 (S), it suffices 14 to 
see that there is no w G H n (S), w & H n+1 (E), with Depp UQ (w) G H n+1 (§). 
Assume there is such a uu. For e > small enough let (p £ {t) be the solution of 
(|3.10j) on U n starting at Id in the direction uq + ew, with the corresponding 
v £ G H n (S)j. We know that the map (<f £ (t), v e (t)) G U n x # n (S) depends 
smoothly on e and i G [0, 1]. From (|3.11j) we obtain 

= ( m *(0; n ) + em fc (0; «,)) / (^) 2fc - 3 ds 



+ / £ fc (> £ ,99 £ )(is. 



Differentiating with respect to e, a calculation shows that 

Dt ! p vo (w) = ±<ffi(l) G#" +1 (S) 
ae e=0 

is possible only if m k (0;w) G H n ' 2k+1 (S), i.e. u> G H n+1 (S). The obtained 
contradiction concludes the proof. □ 

4. Minimizing property of the geodesics 

Throughout this section we prove the length minimizing property for the 
geodesics of the right-invariant metric (|3.1j) on T> for some fixed k > 1. 

Let Vq be a vector tangent at a(0) = ao to a C 2 -curve a : J — ► P. The 
parallel transport of V along the curve a is defined as a curve 7 G Lift (a) 
with 7(0) = Vq and -D Qt 7 = on J. 

Lemma 2. Ze£ a : J ^ T> be aC 2 curve. Given Vq G T ao T>, ao = a(0) G X>, 
i/iere exists a unique lift 7 : J — > TP which is a-parallel and such that 
7(0) = Vo- Moreover, if 71, 72 are t/ie unique a-parallel lifts of a with 
7i(0) = Vi G T Q0 P, i = 1,2, i/ien 

<7i(*), 72(t))fc = <^i,V2>fc, teJ. 
Proof. In view of (|3,3|) and (|3.6|) . the equation of parallel transport is 



1 



1 . , , 1 



v t = 2 ( w x ~ ~ ^fc 1 ^^(u) + Ux-Ajfefu) + - vA k {u x ) + - u^ fc (w 2; ) 

where u = at o a^ 1 and u = 7 o a -1 . Note that the operators 
(u,v) i-> vl^^AfclV) + ita;i4 fc (u)], 

and 



(u,u) ^ -A k 



vA k (u x ) + uA k (v x ) - - (vu x + uv x ) 



are smooth from H n (§) x H n (§) to H n (S) for every n > 2 A; + 1. Denote by 
Q k (u,v) their sum. The equation of parallel transport can be written as 

(4.1) v t + uv x + @ k (u,v) = 0. 

For a fixed u G C 1 ( J; 2?), the map u 1— > O^n, u) is a bounded linear operator 
from H n (§>) to H n (E>) for every n > 2k+l. Viewing (|4.1|) as linear hyperbolic 

14 Since eyp is a smooth map on V 2k +i nH n+1 (S) we have Dtfp uo (H n+1 (§,)) C # n+1 (§) 
while the inductive assumption ensures Defp ug (H n (S)) = H n (S). 
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evolution equation in v with fixed u E C 1 (J;P), it is known (see 0) that, 
given Vb G H n (§), n > 2k + 1, there exists a unique solution 

v G C(J; F n (S)) n CV; iT 1 " 1 ^)) 

of H4.1|) with initial data i>(0) = Vo- Letting n f oo, we infer that, given 
Vo ° c*q 1 E Tj^V = C°°(S), there exists a unique solution v E C l (J;T>) to 
with v(0) =V o ctQ 1 . 
From ()3.5j) we deduce that (71 (t), ") 2 {t))k is constant for any a-parallel 
lifts and the second assertion follows. □ 

Choose open neighborhoods W of E C°°(S), respectively U oi Id E V, 
such that Dt£p Uo : H 2k+1 (8) -> # 2fe+1 (§) is bijective for every u G W and 
eyp is a smooth diffeomorphism from W onto cf. Theorem |31 The map 

G:VxW^VxV, (rj,u) ^ (j],R v eyp(u) 

is a smooth diffeomorphism onto its image. Let U(r\) = R r] U = R r] eyp(W). 

If (p E U{rj) — {r/}, then tp = cyp(v) o n for some v E W. Let v = rw, where 

(w, w)k = 1 and r E M+ to define the polar coordinates (r, w) of </? G ^/(f?). 

■ , , <9 2 cr d 2 <7 , d 2 a 

It cr : J\ x J 2 — > X> is a map such that -77-7, „ „ and — — — are continuous, 

c*r^ Ot or Or Ot 
denote by d\a the partial derivative with respect to r and define similarly 

d 2 a. Both curves r 1— > dxo~(r,t) and r 1— > d 2 o~(r,t) are lifts of r ^ o~(r,t). 

Generally, if 7 is a lift of r 1— > a(r,t), let (Di7)(r, t) = (DQ ia ~f)(r) and define 

D27 similarly. In a local chart we have by 1)3. 4|) that 

(4.2) D x 3 2 a = did 2 <7 - Q k (dta, 8 2 a) = D 2 d x a 
since Qk is symmetric. On the other hand, from 1)3.5)1 we infer 

<9 2 (3icr, 3io-) fc = 2(D 2 d 1 a, d x a) k . 
The previous relation combined with ()4.2)) yields 

(4.3) 8 2 (dta, 8 l a) k = 2(D 1 d 2 a, di<r) k . 

Lemma 3. Let 7 : [a,b] — ► £^(77) — {77} 6e a piecewise C 1 -curve. Then 

> \r(b)-r(a)\, 

where is i/te length of the curve and (r(t),w(t)) are the polar coordinates 
of j(t). Equality holds if and only if the function t 1— > r(t) is monotone and 
the map t 1— > ty(i) £ W is constant. 

Proof. We may assume without loss of generality that 7 is C 1 (in the general 
case, break 7 up into pieces that are C 1 ) and that rj = Id (in view of the 
right-invariance property of the metric). Observe that w(t) is obtained in a 
chart by the inversion of erp followed by a projection so that the functions 
1 1— ► r(i) and i 1— ► w;(i) are of class C 1 . 

Let cr(r,t) = t$p(rw(t)). Let 97(552;) be the solution of ()3.1(Jj) starting at 
Id in the direction z E C°°(S). Relation (|3.12|) yields cr(r, t) = ip(r;w(t)), 
while the proof of Theorem |2] ensures for every n > 2k + 1 the smooth 
dependence of on s as well as the smooth dependence of ((p,(p s ) on 



z in H n (B>). Therefore 
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and 



-a 



dr 2 " dtdr 
for every n > 2k + 1. Furthermore, since 



are continuous in the -ff n (8)-setting 



<p(s;z) 



/'/ + / ^ iT 



we have 



ay 

dzds 



(Z;z)d£ in C(H n (S),H n (S)), 



d 2 ip d 2 (p 



But t ^ w(t) e H n (S) is a C^-map so that 



d 2 



a 



is 



thUS ,..».,, , .. ,, .... ;=.../ ..■ v. ,.,.,|. ......... 

azas osoz or dt 

also continuous in the .ff n (S)-setting for every n > 2k + l. Letting n f oo we 

, 3 2 cr 9 2 cr 9 2 cr . ^„,_. 

obtain that — , — — — and — - are all continuous m the C (a)-topology. 



dr 2 ' dr dt 



dt dr 
da 



t £ J. 



Note that 
(4.4) 

Since r i— » a(r,t) is a geodesic, we obtain by Lemma |^1 that 
, 9a aa 



ar at 



(4.5) < 
Let us now show that 
(4.6) 



dr ' dr 



)k = {w(t),w(t)) k = 1. 



da da 
^~dr~ , ~dt' k 



0. 



Indeed, from (|4.3|) and (|4.5() we obtain that 

dcr <9o\ 1 do- dcr _ 

at ar 2 or ar 
This, in combination with (|H.5|) . leads to 

„ 3(7, . da da. da 3(7, 

^ ( 77" ' 77T )* = \ 1)1 77~ ' 777 )* + \ 77" ' Dl 777 )* = °' 
dr dt dr dt dr dt 

since {D\ ^) = as r i— > a(r,t) is a geodesic. The previous relation yields 

,d a d a . . , , d a d a , , 
3r at ar at 



O" 



But o-(0,t) = Id forces — (0,t) = and therefore (Q|) holds. 

ar 



Combining (|4.4j) - l|4.fij) . we obtain 



| 7 '(t)||J = |r'(t)| 2 + 



ao- 



0f 



> k'(t)| 



t € [a, 6], 



so that the length of 7 is estimated by 



> / k'(*) dt - l r ( 6 ) ~ r ( a )l 



Since 



da 



dt 



T2k+li 



= forces w'(t) = as Dtpp rw M is a bijection from H 2 
to i? 2fc+1 (§), the characterization of the equality case follows at once. □ 
Let us now prove 
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Theorem 4. If rj,ip G T> are close enough, more precisely, if ip o n £ U, 
then r\ and (p can be joined by a unique geodesic inU(rj). Among all piecewise 
C 1 -curves joining r] to (p on T>, the geodesic is length minimizing. 

Proof. Observe that if v = eyp -1 ^ o rj^ 1 ), then a(t) = etp(to) o n is the 
unique geodesic joining 77 to if in U(r\) cf. Theorem El 

To prove the second statement, let porj^ 1 = t^p(rw) with \\w\\k = 1 and 
choose e € (0, r). If 7 is any piecewise C 1 -curve on T> joining r\ to ip, then 7 
contains an arc of curve 7* such that, after reparametrization, 

||erp- 1 (7*(0))|| fc = e, ||etp- 1 ( 7 *(l))|| fc = r, 

and 

e< ||erp- 1 ( 7 *(t))|| fe <r, te[0,l]. 

Lemma 01 yields £(7*) > r — e, thus ^(7) > — r ~ £ - r ^ ne arbitrariness 
of e > ensures l{^) > r. But 1(a) = r in view of Lemma 01 and the 
minimum is attained if and only if the curve is a reparametrization of a 
geodesic. □ 

5. Comments 

This section is devoted to a discussion of the L 2 (S) right-invariant metric 
on V, case when the geodesic equation (pHZj) is the inviscid Burgers equation 

ut + 3uu x = 

cf. pQ. The crucial difference from the case of a H k (S) right-invariant metric 
(with k > 1) lies in the fact that the inverse of the operator Ak, defined 
by (j3.2j) . is not regularizing. This feature makes the previous approach 
inapplicable but the existence of geodesies can be proved by the method of 
characteristics. 

Proposition 1 (0). For the L 2 (§) right-invariant metric on T> there exists 
a unique smooth geodesic on T> starting at Id in the direction uq € Tj^D. 

This result enables one to define the Riemannian exponential map of the 
L 2 (S) right-invariant metric on T>, in analogy to the cases considered in the 
present paper. However, 

Proposition 2 (j2J)- The Riemannian exponential map of the L 2 {B) right- 
invariant metric on T> is not a C 1 -diffeomorphism from a neighborhood of 
zero in Tj^D = C°°(§) to a neighborhood of the identity on T>. 

The question whether another right-invariant metric could provide T> with 
a nice Riemannian structure has been positively answered in this paper. 
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